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A VARIATIONAL PRINCIPLE IN KREIN SPACE

PAUL BINDING AND BRANKO NAJMAN

Abstract. A variational characterization, involving a max-inf of the Rayleigh

quotient, is established for certain eigenvalues of a wide class of definitizable

selfadjoint operators Q in a Krein space. The operator Q may have continuous

spectrum and nonreal and nonsemisimple eigenvalues; in particular it may have

embedded eigenvalues. Various applications are given to selfadjoint linear and

quadratic eigenvalue problems with weak definiteness assumptions.

1. Introduction

Variational characterizations of eigenvalues have been studied for over a cen-

tury and have been applied to comparison principles and numerical algorithms
for a wide range of problems. For example, the generalised eigenvalue problem

(1.1) Ax = lBx

with selfadjoint operators A and B in a Hilbert space H, can be studied in

the "right definite case" (where B is positive definite) via the equation

(1.2) B~lAx = Xx.

Formally, B~XA is selfadjoint in a "weighted" Hilbert space HB with inner

product generated by

(1.3) (x, y)B = (x, By)

and the variational principles that we consider involve the Rayleigh quotient

which can be evaluated directly from the operators A and B . However, if B

is not definite then ( 1.4) vanishes for some nonzero x, so the usual variational
principles need modification. If A is definite (this is the so-called "left definite"

problem) then (1.2) can be replaced by A~xBx = X~lx in a Hilbert space HA .
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See, e.g., [20] for a variational treatment of various boundary value problems

by these techniques.

Problems which are neither left nor right definite have attracted considerable

attention in recent years (cf. [9, 12] and their references), and it turns out

that they have properties different from those of definite cases. The variational
characterization of eigenvalues in such problems has however remained open
despite early work of Richardson [16] for left definite, and a conjecture [17]

for general, Sturm-Liouville problems, that the solution "for m large enough,

may be regarded as furnishing a minimum of a calculus of variations problem".

Richardson does not explicitly state which problem, but it is clear from the

context that he means minimization of (x, Ax) subject to (x, Bx) = ±1 and

m (recursively defined) linear constraints of the form (yf , Bx) = 0. Nor is he

clear about "large enough", but he cites his [17, §4] which shows that, for large

enough m , there are precisely two eigenfunctions y% which oscillate m times

(one for each sign of X—see [17, Theorem VII et prec.]). Our results show

that each such eigenfunction obeys a double extremum principle, including the

above recursive one.

If B is 1-1 then HB, with the inner product generated by (1.3), becomes

a Krein space. An early variational principle in this setting is due to Phillips

[14]. It characterizes eigenvalues of a positive compact operator in HB by

triple extrema involving sign-definite subspaces and thus it implicitly involves

the positive and negative cones

(1.5) C± = {x£HB:±(x,x)B>0}.

This theory was extended to noncompact nonnegative operators by Textorius
[18]. Various authors have also used these cones explicitly; for example, it

was noted in [1] that (single) extrema of r in (1.4) over C* give principal

eigenvalues for certain left definite problems. Double extrema involving C*
have been used in [10 and 13] for some of the real eigenvalues X for indefi-

nite matrix problems (1.1). Slightly different double (and also triple) extremal
characterizations were established in [2] for elliptic equations with indefinite
weights. Here we shall use spectral functions of definitizable selfadjoint oper-

ators in Krein spaces [11] to establish a double extremum principle for some

of the eigenvalues under conditions which allow continuous spectrum, and in

particular embedded eigenvalues corresponding to critical points (see §2). Our

work includes all previous results that we know of.

In §2 we introduce our assumptions and state the main result, which is proved

in §3. We conclude with §4 where applications to differential operators are

discussed. In particular, we give a detailed comparison with [2] which uses

two parameter ideas for statements and proofs, and we also show how some

asymptotic estimates of [8] may be extended from the left definite case.

We conclude this section with some brief remarks on the application of The-

orem 2.3 to problems of the form (1.1). Our assumptions are satisfied if, for

example, A is bounded below with compact resolvent and B is injective and

A-forra. compact, cf. [15]. Indeed, replacing A by A-vB for some real v if

necessary, we see that the space HA is a Pontryagin space and the verification

of our hypotheses is straightforward.

The selfadjoint quadratic eigenvalue problem

(1.6) (ß2R + fiS+T)y = 0,        0¿y£X,
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can be transformed to (1.1) (see [9]) by defining H — X x X, X= \/ß- p,

-T    0"

0     R

on appropriate domains. If S is bounded below with compact resolvent and

T, R are injective S-form compact operators then the above remarks lead to a
max-inf characterization of eigenvalues of the problem (1.6). The above setting

includes the well-known overdamped case from continuum mechanics which

leads to a left-definite problem. We also cite Weinberger's Rayleigh quotient

variational principle [19] for a quadratic problem with right-definite lineariza-
tion.

2. Background and basic results

2.1 Cones. Throughout §§2 and 3, Q is a selfadjoint operator in a Krein

space K, with a (generally indefinite) inner product [ , ]—cf. [3 and 7] for

basic terminology etc.
Let C be a cone in K, so XC ç C for all X > 0. We define the internal

dimension d(C) to be the supremum of the dimensions of all subspaces in

C U {0} . As in (1.5) we define the positive and negative cones of K by

(2.1) C± = {x£K:±[x,x]>Q},    with Crf = C± U {0} .

Note that K is a Pontryagin space if at least one of ¿(C*) is finite. For any

real number v we also define the cone

r; = [x £ D(Q) : [x, Qvx] < 0}

where Qu := Q-vI.
We shall make three assumptions on Q, the first being

(I) For some real v , (a) Qv is (boundedly) invertible

and (ß) d(T~) is finite.
Assumption (la) guarantees that a(Q) does not contain E. If a(Q) contains

R, then the variational principle below is vacuous. Also, (Iß) means that
[x, Qx] - v[x, x] has finitely many negative squares on D(Q).

When a(Q) is discrete, our preparations are relatively simple and we shall

discuss this case first. In particular, our remaining assumptions (and (la)) are

automatic.

Let Gx = N(Qx) be the geometric eigenspace at A. If G¿ c Cq (resp.

Cq"), we say that X is of positive (resp. negative) type. Here Cq come from

(2.1). Developing this, we define the positive and negative multiplicities of an

eigenvalue X by d±(X) = d(Gx nC1). Writing N+ (resp. N~) for the set of
eigenvalues which are not of positive (resp. negative) type, we define

(2.2) dp = sup(#+ n R).

Recall that, for any eigenvalue X, the algebraic eigenspace Ax is the span of

the Jordan chains (y\,... ,y¡) of length I, where 0 ^ yx £ Gx and

(2.3) Qxyj=yj-i,        2 <;</.

It is easily seen that [yx, yx] = 0 if / > 1 or if X £ R, so such X e N+ n N~ .
Moreover it follows from (Iß) that the sum of the lengths /, over such X, must

be finite.

A =
S        -R-T

-R-T        S and   B =
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Defining the subspace F as the sum of the Ax for all X £ N~ , and writing 0
for Op , which is now max(V+nR), we may then proceed directly to Proposition

2.2 below.

2.2 Spectral functions with critical points. We proceed now to discuss the case

when a(Q) is not discrete. For the reader's convenience, we have assembled

some basic definitions and properties related to definitizable selfadjoint opera-

tors on Krein spaces. For further details see [3, §4.1], [7, §VIII.6] and especially

[11]. A selfadjoint operator Q is definitizable if its spectrum a(Q) is not the

whole complex plane, and if a nonconstant definitizing polynomial n exists so

that n(Q) is nonnegative definite. Such an operator has a spectral function E,

i.e., an orthoprojector-valued function defined on real intervals whose endpoints

are not zeros of n , together with the complements of such intervals in R. Then

±E(A) is positive definite if ±n is positive on An a(Q), and

Qx= [ X dE(X)x   for all x £ E(A)K.
Ja

Here and below, A will always denote a set on which E is defined as above.

E may be extended to further subsets of R, but the above definition suffices

for our purposes. We note that

(2.4) <x(ß| w) C Ä

so Q\e(a)k is invertible if 0 £ A.

Proposition 2.1.  Q is definitizable, and hence admits a spectral function E.

Proof. In the case v = 0, this is a result of Langer [11], who constructs an

"equivalent" selfadjoint operator on an auxiliary Pontryagin space. In our case

we use Qv instead of Q, and we obtain a definitizing polynomial of the form

(2.5) n(X) = (X-v)\p(X)\2

for some polynomial p .   O

We term X £ RU{oo} a critical point of Q, and we write X £ c(Q), if E(A) is

indefinite whenever X £ intA. Necessarily then X £ a(Q). Also oo ^ X £ c(Q)

implies n(X) = 0 by the above, so there are only finitely many critical points.

A critical point is regular if there are a > 0 and a neighbourhood A0 of X so

that H-E^A)!! < a whenever X £ A c Ao . This is the case, for example, if X is

an isolated point of a(Q).

We define X £ a(Q) to be of positive (resp. negative) type if E(A)K c C¿"

(resp. Cq ) for some A containing X. This extends our previous definition to

nonisolated X. As before, X £ N+ (resp. N~) if X is not of positive (resp.

negative) type.

Note that v is not a critical point of Q by (la), but that oo is a critical

point in general. Using (2.5) we see that X > v (resp. < v) is a finite critical

point iff p(X) — 0 and X is an eigenvalue not of definite type, i.e., X £ N+f)N~ .

Our next assumption is

(II) The finite critical points of Q are all regular.
Regularity is automatic for isolated eigenvalues. Suppose now that all eigenval-

ues of positive type exceed v . In this case we define 6 as the greater of dc

and dp , where 6C is the supremum of the continuous spectrum < v , and 6P
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comes from (2.2). It follows from (II) that XMa is nondegenerate (the sum

being over X £ N~) but this is in general infinite dimensional. The following

refinement uses an orthogonal decomposition Ax = Fx[+]Hx given in [6], where

Fx is finite dimensional and nondegenerate, and where Hx ç Gx is a Hilbert

space under [ , ]. Specifically, defining F as the sum of the Ax for nonreal
X and Fx for real X £ N~ , we may proceed to Proposition 2.2.

Finally, suppose 9 > v, so 9 is simply the maximum (by (Iß)) of the

eigenvalues X > v with X £ N+ . In this case we need a third assumption

(III) a(Q) n [v, 9] consists of finitely many eigenvalues of finite multiplicity.

We remark, by virtue of (I/?) and our previous comments, that multiplicity

here could be interpreted as "positive", "geometric" or "algebraic". To the
previous definition of F we then add the sum of the Ax over X £ [v, 9].

Proposition 2.2. F defined as above, is finite dimensional, nondegenerate and

invariant for Q. Moreover all real eigenvalues of Q\f are < 9, while Q|fj. has

real spectrum, of negative type < 9 and of positive type > 9.

Proof. The only nontrivial contention is nondegeneracy of F, which is covered

by the arguments of [6, §5].   D

We remark that the results of Propositions 2.1 and 2.2 could be used instead

of(I)-(III).

2.3 A variational principle. We list those eigenvalues X > 9, for which

d+(X) > 0, in nondecreasing order and counted by positive multiplicity, as

X\ < X2 < ■■■ . Our main result states that these eigenvalues may be char-
acterized by a max-inf principle with shifted index. More precisely, recalling
Proposition 2.2 and defining d*1 = d(F n C*) and

(2.6)        ßj = max{inf{[jc, Qx]/[x ,x]:x£MnC+n D(Q)} : M £ Jtj}

where JH¡ is the set of subspaces of K of codimension j - 1, we have

Theorem 2.3. Assume (I)—(III). Then X* = ßj+d+, j = 1,2, ... .

Remark 2.4. If C+ is replaced by C~ in (2.6) then corresponding eigenvalues

Xj with eigenvectors in C~ can be characterized. Similarly, if the definition

of 9 and (II) are modified in an obvious way then Xf may be listed in nonin-

creasing order and all those below a certain 9' can be characterized.

Remark 2.5. When dim AT is finite, Theorem 2.2 is equivalent to a result in

[13]. In fact the setting of (1.1), where K = HB and Q = A~XB with B
invertible, is equivalent to the one here. Note that [x, Qx]/[x, x] = r(x) of
(1.4) while (I)—(III) are automatic in finite dimensions. Also the other formulae

for Xf mentioned in Remark 2.4 can be read from [13] (with dimensions there

replaced by appropriate codimensions).
Similarly, in the left-definite case of ( 1.1 ), Q is a uniformly positive operator

in K and so (I)—(III) are automatic with 9 = v = 0. In the right-definite case

we recover the ordinary Weyl-Courant principle in a Hilbert space.

Remark 2.6. For any Jordan chain (yx, ... , y¡) (see (2.3)), an easy calculation

shows that S = [yi, y{] is real. If ô < 0 then we say that the chain has
negative sign (sgn ô is associated with various terms in the literature, e.g. inertial

signature and sign characteristic). It turns out that negative sign Jordan chains
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of length 1 = 2 may be ignored in the calculation of 9 . This improves Theorem

2.3 and follows from arguments in [13] and §3.

Remark 2.7. If the At cease to exist from some j on, the remaining ßj+d+

characterize the infimum of the continuous spectrum > 9 .

3. Proof of the variational principle

For notational ease we fix / and write X = At.J j

Lemma 3.1. There are d±-dimensional subspaces F± of F such that F+ c C£
and

(3.1 ±) ±[x, Qxx] < 0  for all x £ F± .

Proof. Since A > 9 , Proposition 2.2 shows that Q\f has no (real) eigenvalues

> A. The result now follows from [13, Steps 1 and 2], which applies since F
is nondegenerate.   D

We shall base the proof on the following elementary decomposition principle.

Lemma 3.2. If(i) [y, z] = 0 = [y, Qz] for all y £ Y, z e Z where Y,Z ç
D(Q) and (ii) (3.1±) holds for ail x £ Y and ail x e Z, then (3.1±) holds
forall X£Y + Z.

Now let x\ £ C+ satisfy [x¡, x¡] = 1 and form a linearly independent set of

eigenvectors for A^ , I =\,..., j, and write Sj for the span sp{xi, ... , xj}.

Lemma 3.3.  9¿++j < X.

Proof. Since S := F+ + Sj is a (d+ + 7')-dimensional subspace of Cq , for any
M £ Jrd++j there is jceMn5nC+. Evidently (3.1+) holds on Sj , so by
Lemmas 3.1 and 3.2, (3.1+) holds on S and ßd++j < [*> Qx]/[*, x]<X.   D

Since Sj-x = sp{xi, ... , x,-i} c Cq", F+Sj-x is nondegenerate, and hence

has an orthocomplement T in K [7, Corollary 1.11.9]. Let Et be the spectral

function of Q\t. Fix œ > 0 so that Í! :=] - co, co[ contains A, v and the
zeros of p (2.5).

Lemma 3.4.   (3.1-) holds for all x £ ET(Q.)K.

Proof. Since A > 9, Proposition 2.2 shows that [x, ET( • )x] is nondecreasing

on ]A, oo [. Similarly the construction of F and the definition of T show that

[x, Et( ' )x] is nonincreasing on ] - oo, A[. Thus

/O) CÍO

ß[x, E(dß)x] > A /   [x, E(dß)x],
-00 J —w

whence [x, Qx] > X[x, x], for any x £ ET(Q,)K.   D

Lemma 3.5.   (3.1-) holds for all x £ PK where P = £(R\Q).

Proof. For all real t <£ Q, <p(t) := (t - X)/(t - v) > 0. By (2.5), [x, Qvx] > 0
for ail x £ R(p(Q)) and so

(3.2) [Qxx,x] = [ç>(Q)O,x,x]>0

whenever x = p(Q)y with y £ D(p(Q)P). Noting that p(X) is bounded away

from zero for all A £ Q., we see that p(Q)P\pk is invertible, cf. (2.4), so (3.2)
holds for all x £ PK.   D
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We are now in a position to complete the proof of Theorem 2.3. By Lemmas

3.2, 3.4, and 3.5, (3.1-) holds on ET(R)K = T. By Lemmas 3.1 and 3.2, then,
(3.1-) holds on

(3.3) Mj = F~ + T

which belongs to ^¡++j since F is nondegenerate. Thus

ßd++j > inf{[x, Qx]/[x, x]: x £ MjH C+} > X,

which, with Lemma 3.3, establishes our theorem.   D

Remark 3.6. If N is a subspace of K such that M>■ n N = {0} , where Mj is

the maximising subspace of (3.3), then Theorem 2.3 gives

A+ = max{inf{[x, Qx]/[x, x] : x £ MnD(Q)nC+}: M£J?j+d+, MnN={0}}.

Since [13] one can ensure that F+ n F~ = {0} , we can choose

(i) dim N = d+ - ¿2x<e d+W > and

(ii) NCF,
so N is spanned by root vectors of Q\f .

This will be used in 4.3. Note that (i) cannot be relaxed to dimN > d+ .

4. Elliptic equations with indefinite weights

4.1 Setting. Let £2 be a bounded smooth domain in R" and q, w £ L°° (Q).

We consider the eigenvalue problem

(4.1) (-A + q)y = Xwy,        y = 0   ondfí.

As in [2], a (nonzero) function y £ H := W0l,2(iî) satisfying (4.1) is an eigen-

function for the eigenvalue A e C ; moreover, -A + q can be replaced by a

uniformly elliptic operator and the Dirichlet condition by a more general self-

adjoint boundary condition. Actually our Krein space setting is sufficiently
general to handle continuous spectrum (thus allowing unbounded Q and/or

singular coefficients and weight function w). We adhere to the problem (4.1)

and the above restrictive assumptions on Q and w for simplicity and also to
facilitate a detailed comparison with [2]. We impose the assumption

(4.2) {x :w(x) = 0} is of Lebesgue measure zero

which is more stringent than the corresponding assumption of [2]; on the other

hand we do not need the unique continuation assumption of [2]. The only

reason we impose (4.2) is to form the Krein space K below, and moreover we

hope to show elsewhere how to remove (4.2) entirely.

Let L be the selfadjoint realization of -A + q, with Dirichlet boundary

condition, in L2(Q), so D(L) = W2'2(Q.) n //. From [5, Lemma 2.1] we can

translate the A-origin if necessary to ensure that L has a compact inverse. Note
also that L is semibounded, and the bilinear form associated with L is given

by

l(y, z) = / (Vy ■ Vz + qyz)   on D(l) = H.
Ja
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4.2 Application of Theorem 2.3. Let K be the space L? , (consisting of

functions y for which \\y\\2w, = Jn \w\ \y\2 is finite) endowed with the (possibly

indefinite) inner product

[y, z]= / wyz.
Jn

Then K is a Krein space. Since w £ L°°(Q), it is clear that L2(Q) is contin-

uously embedded in K. Let

D(Q) = {y£ D(L) : \w\~]'2Ly £ L2(Q)}, Qy = w~lLy   if y £ D(Q).

Clearly Q is an operator in K. In fact we have

Theorem 4.1. The operator Q is a semibounded selfadjoint operator in K with

compact inverse.

Proof. First if Xj —> 0 in K then Q~lXj = L~1wxj —► 0 in L2(il), hence in
K . Thus Q is boundedly invertible. Next we show that

(4.3) Q is densely defined in K.

Assume x is orthogonal to D(Q) in K. Then

[x, Q~ly]= f wL~l(wy)x = 0   fom\ly£K.
Jn

Since (sgnu>)|u;|1'/2 is an isomorphism of K onto L2(Q), the selfadjointness

of L shows that \w\ll2L~x(wx) = 0 a.e. in £2, whence x = 0.

For any y, z £ D(Q) we have [Qy, z] = §a(Ly)z so Q is symmetric

and semibounded since D(Q) c D(L). Let z £ D(Q*). Then the functional

9'- y *-* [Qy ! zl = /n(^y)z defined on D(Q) is continuous in K and therefore

in Z.2(Q). An argument similar to the one for (4.3) shows that D(Q) is dense in

H = Wq'2(Q) and hence also in L2(Q). As L is selfadjoint we conclude that

z £ D(L). Therefore <p : y >-> Jny(Lz) is continuous in L2W^, so z e D(Q),

and Q is selfadjoint in K.
Finally let x¡ converge weakly to zero in K. Then wxj converge weakly to

zero in L2(Q.) so

\\Q~lXj\\L2   =\\\w\l'2L-Hwxj)\\L2^0,

which proves that Q~ ' is compact.   D

A Jordan chain for (4.1 ) is a sequence y¡ £ H, j = 0, 1, ... , such that

yo = o,
(L-Xw)yj: = wyj-i,       ;*=1,...,

with yx, ... linearly independent. We note the following easy result:

Lemma 4.2. The Jordan chains for (4.1) coincide with those for Q.

Proof. If yx £ D(Q) with Qyx = Ly{ then Lyx = Xwyx since D(Q) c D(L).
Conversely, if (4.1) holds then w~lLy\ = Xyx £ L2(Q), so \w\~l/2Lyx

£ L2(£l), hence yx £ D(Q) and Qyx = Xyx . The argument for j > 1 is

similar.   D
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By Theorem 4.1 and our earlier comments, (I)—(III) hold. Lemma 4.2 we

may label the eigenvalues > 9 for (4.1) according to positive multiplicity as

X\ < AJ < • • • . Since

[y,y] ¡nw\y\

and since D(Q) is dense in H = D(l), Theorem 2.3 yields the following:

Corollary 4.3. There exists 9 £R so that all eigenpairs (X,y) of'(4.1) satisfying

A = Aj" > 9, y £ H, also satisfy Jaw\y\2 > 0, and moreover

(4.4) At = maxjinf|r(z): Í w\z\2>0, z e Mnh\ : M e jrj+dA .

4.3 Comparison with [2]. Allegretto and Mingarelli consider a two parameter
embedding of (4.1), viz.

(4.5) (A + Xw + ß)y = 0

and they characterize certain eigenvalues labelled Xik , where Xi>k = At under

certain conditions. One condition is that X¡)k lies on the kth (X, ß) eigen-
curve of (4.4), i.e., that A + Xw has k nonnegative eigenvalues, counted by
multiplicity.

Analysis of the eigencurves (cf. [4]) shows that k = j+d+ whenever X¡ik > 9
so we may replace (4.4) by

(4.6) A,fc = maxjinf Jr(z): Í w|z|2>0, z£Mhh\ :M £JKk\

in Corollary 4.3. This not only shows that the index shift in (4.4) is very natural,
but also gives an alternative method for its calculation, involving eigenvalues ß

of (4.5) for fixed A, but not requiring knowledge of F.

[2, Corollary 2.10] contains a formula like (4.6) but with M £ Jtk further
constrained by M C\ N = {0} where N is a subspace of root vectors such that
(i) dim TV = k - i, so dim N = d+ - (i - j), and (ii) N is neutral, so N ç F .
Thus [2, Corollary 2.10] follows from (4.6) and Remark 3.6, provided N there
can be chosen neutral. This is possible if and only if all Jordan chains of Q of

odd length > 1 have negative sign (see Remark 2.6). Moreover if there are no

such Jordan chains then N may also be used for similar characterizations of
Xj ; cf. Remark 2.4.

We observe in conclusion that X¡>k = Xj also depends on counting i via

positive multiplicities d+ (X), and one must interpret the remarks following [2,

Theorem 2.8] in this light.

4.4 Asymptotics. Recently there has been significant interest in eigenvalue

asymptotics and "counting functions" for left-definite problems. As an example

we cite [8, Theorem 3.1], where the limit

(4.7) Xp-2'"\\w+\\L„/2ia) ^ (2n)2(Vn)-V>   as j - oo

is established, with V„ as the volume of the unit ball in R" and 7jj+ = max{0,u;}.

The key tools for this and similar estimates are

(a) corresponding formulae for right definite problems and
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(b) variational formulae for eigenvalues of left definite problems.

Since (a) is independent of left definiteness and (b) is directly generalised by

Corollary 4.3, we conclude

Corollary 4.4. (4.7) carries over to (4.1).

More general problems, as mentioned in 4.1, may also be treated following

the remarks in [8].
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